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Abstract 
Zhou, H., Inequalities with respect to graph homomorphism, Discrete Mathematics 112 (1993) 
295-298. 
If there is a homomorphism from a graph G onto a graph H, then there exist some inequalities 
relating ‘the degree ratio’ of the two graphs which have some interesting corollaries. 
1. Introduction 
All graphs considered are finite and simple (without loops or multiple edges). As 
usual, G is a graph with u vertices; 6 and d denote its minimal and maximal degrees; 
D is its domination number and x its chromatic number. 
A homomorphism from a graph G to a graph H is an edge-preserving mapping 
from the vertex set of G to the vertex set of H. The homomorphism is said to be onto if 
every vertex of H is an image of some vertices of G. If there is a homomorphism from 
a graph G onto a graph H, then it is obvious that the domination number (diameter, 
independence number and clique cover number) of G is greater than or equal to the 
domination number (diameter, independence number and clique cover number, 
respectively) of H; the chromatic number (clique number) of G is less than or equal to 
the chromatic number (clique number, respectively) of H. Except the above mentioned 
trivialities, the question of necessary conditions for the existence of a homomorphism 
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between two graphs is a fundamental one and also a very difficult one. The first 
nontrivial result in this area can be found in [l]: If there is a homomorphism of G to 
(not necessarily onto at this time) a vertex-transitive graph H, then the independence 
ratio of G is at least as large as the independence ratio of H. This result was later 
generalized to the following version in [3]: For graphs G and K, let u(G, K) denote the 
maximum number of vertices in a subgraph of G which admits a homomorphism to 
K. Now if there is a homomorphism of G to a vertex-transitive graph H, then 
v(G, K)> v(H, K) 
u(G) W) ’ 
In this note we shall give some inequalities relating ‘the degree ratio’ of the two 
graphs and some others if there is a homomorphism from a graph G onto a graph 
H which is not necessarily vertex-transitive. 
2. Results 
Theorem 1. If there is a homomorphism from a graph G onto a graph H, then 
d(G) u(G) - - 
d(H)%(H)' 
Proof. Let a be the homomorphism from G onto H, and let NH(u)= {UE V(H): 
WEE(H)} and deg,(u)=lN,(u)~. Then 
d(H)4G)=~(W 1 la-‘(v)13 1 degH(u)l~-‘(u)l 
VPV(H) vcV(H) 
ZZ c ( c 
vsV(H) ucN&) 
W(u)l)= c ( “E&~-l(u)l) 
UEVW) B 
>/ 1 G(G)=u(H)G(G). 0 
UPV(H) 
Definition. Let &(u, u) denote the distance between the two vertices u and u in a graph 
G. Denote 
N~(u)=(u~k’(G): d(u, u)<i, u#u}, deg’,(u)=IN’,(u)l, 
6’(G)=min {degL(u): UE V(G)} and d’(G)=max{deg’;,(u): ucV(G)}. 
By similar arguments we shall have the following theorem. 
Theorem 2. If there is a homomorphism from a graph G onto a graph H, then 
6’(G) u(G) ~ __ 
d'(H)%(H)' 
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Recall that the power G”’ of a graph G is defined by V(G(“) = V(G) and two vertices 
u and v are adjacent in G(‘) if and only if d,(u, v) d i. Then 6’(G) simply is 6(G”‘) and the 
same goes for d’(G). Therefore Theorem 2 becomes a direct corollary of Theorem 1 if 
we notice that the existence of a homomorphism of a graph G onto a graph H implies 
the existence of a homomorphism of the graph G(‘) onto the graph H(‘). 
For digraphs we can have a similar definition for homomorphisms. Let 6- and 6+ 
denote minimal in-degree and out-degree of a digraph, A - and A + maximal in- 
degree and out-degree of a digraph. Then a similar result follows. 
Theorem 3. If there is a homomorphism from a &graph G onto a digraph H, then 
a+(G) v(G) d-(G) v(G) - __ 
A-(H)%(H) and d+(H)%(H)’ 
Corollary 4. (i) If there is a homomorphism from a graph G onto an r-regular graph H, 
then 
(ii) If there is a homomorphism from an s-regular graph G onto a graph H, then 
A(H)3v(H)s/v(G). 
(iii) If a graph G is k-colorable, then 6(G)$((k- l)/k)v(G). 
(iv) If there is a homomorphism from a graph G onto an odd cycle with 2k + 1 vertices, 
then 6(G)Q(2/(2k+ l))u(G). (see also [S]). 
Proof. (i), (ii), and (iv) are obvious. If G is k-colorable, then there exists t < k such that 
the chromatic number of G is t. The homomorphism of G to K, must be onto. 
Therefore 
6(G)+(G)+(G). 0 
Corollary 5. If there is a homomorphism from a graph G onto a graph H, then 
d(G) Wf) < 1 
u(G)+vo‘ ’ 
Proof. It follows from Theorem 1 and the inequality A(H) < u(H)-cI(H) [2, 
p. 3051. 0 
Corollary 6. If there is a homomorphism from a graph G onto a noncomplete graph H, 
then 
a(c)< A(H) 
v(G) x(H) + a(H) 
and 6(G)< v(H)-a(H) 
v(G) x(H)+o(H)’ 
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Proof. It follows from Theorem 1, the inequality CJ(H)+ x(H)<u(H) [4] and the 
inequality d(H)du(H)-a(H) [2, p. 3051. 0 
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